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THE GAUSS-BONNET THEOREM AND CROFTON
TYPE FORMULAS IN COMPLEX SPACE FORMS
JUDIT ABARDIA, EDUARDO GALLEGO, AND GIL SOLANES
Abstract. We compute the measure with multiplicity of the set
of complex planes intersecting a compact domain in a complex
space form. The result is given in terms of the so-called hermitian
intrinsic volumes. Moreover, we obtain two different versions for
the Gauss-Bonnet-Chern formula in complex space forms. One
of them gives the Gauss curvature integral in terms of the Euler
characteristic, and some hermitian intrinsic volumes. The other
one, which is shorter, involves the measure of complex hyperplanes
meeting the domain. As a tool, we obtain variation formulas in
integral geometry of complex space forms.
1. Introduction
In this paper we obtain some basic formulas in the integral geometry
of complex space forms. In euclidean space, integral geometry was ini-
tiated by Blaschke and his school (cf. [Bla55]). The extension to real
space forms is mainly due to Santalo´ (cf. [San76]). Recently, Alesker
(cf. [Ale03]), Bernig and Fu (cf. [BF]) have made significant progress
in the integral geometry of standard hermitian space. Previously, Park
(cf. [Par02]) studied successfully the case of complex space forms in
dimensions 2 and 3. Here we begin the generalization to higher dimen-
sions.
Let us recall Crofton’s formula in the real space form Nnǫ of sectional
curvature ǫ which reads as follows (cf. [San76, (17.58) and (17.59)])
(1)
∫
Lr
χ(Ω ∩ Lr)dLr =
[r/2]∑
j=0
cjǫ
jµn−r+2j(Ω)
where Lr is the space of r-dimensional totally geodesic planes endowed
with a measure dLr invariant under the group of isometries. Here Ω
belongs to some suitable class of subsets of Nnǫ . For instance, the class
of compact domains with smooth boundary. The funcionals µj are
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the so-called intrinsic volumes appearing in the Steiner formula for the
volume of parallel sets (cf. [San76, GHS02]). When ∂Ω is smooth,
µj(Ω) is a multiple of the (n− j−1)-th mean curvature integral of ∂Ω.
The coefficients cj are known and depend only on n, r and j.
Our main result is a generalization of (1) to the complex space forms
Mnǫ , i.e. the n-dimensional complete simply connected Ka¨hler mani-
folds of constant holomorphic curvature 4ǫ. For ǫ > 0 (resp. ǫ < 0),
Mnǫ is isometric to the complex projective (resp. complex hyperbolic)
space endowed with the Fubini-Study metric (resp. Bergmann metric)
suitably rescaled, while Mn0 is the standard hermitian space C
n.
Let LCr denote the space of totally geodesic complex submanifolds
of Mnǫ of complex dimension r (complex r-planes). This is a homoge-
neous space under the isometry group of Mnǫ , and admits an invariant
measure dLr which is unique up to normalization. Here we take the
normalization coming from the Maurer-Cartan forms (see Lemma 3.8).
Our main goal is to determine
(2) φn−r(Ω) :=
∫
LCr
χ(Ω ∩ Lr)dLr, r = 1, · · · , n− 1,
in terms of the geometry of Ω ⊂ Mnǫ . Again there are different choices
for the class of subsets of Mnǫ where Ω is taken. Here we concentrate
mainly on P(Mnǫ ), the class of compact submanifolds with corners (cf.
[AB09]). In particular this class contains the compact domains with
smooth boundary.
Our results are better described in the language of valuations. In
vector spaces, valuations are defined as finitely additive functionals on
convex sets. Hadwiger’s characterization theorem of continuous invari-
ant valuations allowed an axiomatic approach to integral geometry in
euclidean space. Recently, a theory of valuations on manifolds has been
developed by Alesker (cf. [Ale06a, Ale06b, AF08, Ale07]).
Valuations on manifolds (also called smooth valuations) are defined
as functionals on the class of compact submanifolds with corners fulfill-
ing some additivity and smoothness conditions. For simplicity we use
the following characterization. Let X be an n-dimensional riemannian
manifold. Given a submanifold with corners Ω ∈ P(X), we consider
the so-called unit normal cycle N(Ω) which is a Lipschitz submanifold
of the unit tangent bundle S(X). If ∂Ω is smooth, N(Ω) is just the
outer unit normal bundle of ∂Ω. A valuation µ on X is obtained by
integration of a smooth measure η of X , and an (n−1)-form ω of S(X)
as follows
µ(Ω) =
∫
Ω
η +
∫
N(Ω)
ω.
For instance, the intrinsic volumes µj appearing in (1) are of this form.
Also the Euler characteristic χ is a valuation in this sense, as shown
by Chern’s proof of the Gauss-Bonnet theorem [Che45]. Furthermore
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φn−r is a valuation. For ǫ > 0 this follows by the results in [Fu90]. For
ǫ = 0, it can be shown by the same results using a limit procedure.
The case ǫ < 0 will follow from Theorem 4.7 in this paper.
If the isometry group G of X acts transitively on S(X), then the vec-
tor space of G-invariant valuations is finite dimensional (cf. [Fu90]).
In hermitian space Cn, several bases of U(n)-invariant valuations have
been obtained (cf. [Ale03, BF]). One of these bases is composed of the
so-called hermitian intrinsic volumes {µk,q}k,q (cf. section 2 for the def-
inition). These valuations µk,q generalize in a natural way to complex
space forms Mnǫ . As a consequence (at least for ǫ ≥ 0), the valuations
φj and also χ are linear combinations of the hermitian intrinsic volumes
µk,q. Our main result gives these combinations explicitly.
Theorem. In Mnǫ , the following equality between valuations holds for
r = 1, . . . , n− 1
φn−r =
vol(GCn−1,r)(
n−1
r
) ( n∑
j=n−r
ǫj−(n−r)ω2n−2j
(
n
j
)−1
· ((j + r − n+ 1)µ2j,j+
+
j−1∑
q=max{0,2j−n}
1
4j−q
(
2j − 2q
j − q
)
µ2j,q)
 ,(3)
where ωi denotes the i-dimensional volume of the euclidean unit ball,
and GCn−1,r is the grassmannian of complex linear r-planes in C
n−1.
Moreover,
(4) χ =
n∑
c=0
ǫc
ω2n−2c(
n
c
)
ω2n
 c−1∑
q=max{0,2c−n}
1
4c−q
(
2c− 2q
c− q
)
µ2c,q+(c+ 1)µ2c,c
.
Using the results in [BF] one can prove formula (3) for ǫ = 0. Here
we give an alternative proof, and we extend the result to ǫ 6= 0. In
case r = 1, equality (3) has already been proved by different methods
in [Aba]. We would like to remark that formula (3) answers a question
about convex sets of Cn posed by Naveira in [Nav05].
Equality (4) is a version of the Gauss-Bonnet theorem in complex
space forms. There seems to be no direct way to prove such an ex-
plicit formula from the intrinsic Gauss-Bonnet theorem of [Che45]. In
complex dimensions n = 2, 3, formula (4) was obtained in [Par02].
Combining expressions (3) and (4) we obtain
ω2nχ = ǫφ1 +
n∑
k=0
ǫkω2n−2k
(
n
k
)−1
µ2k,k.
This expression is similar to the following one for real space forms
Nnǫ (cf. [Sol06])
ωn−1χ = 2nǫωn ϕ2 + ωn−1µ0,
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where ϕ2 is the valuation given by the left hand side of (1) for r = n−2.
The main idea for the proof of the theorem above is to compare the
first variations of both sides of equalities (3) and (4). Indeed, valuations
are determined by their first variation up to scalar multiples of χ.
In order to obtain the variation of φj we proceed as in [Sol06] (see
Section 3.1). The variation of the hermitian intrinsic volumes µk,q was
obtained by Bernig and Fu in [BF] in case ǫ = 0. Here we use the same
method to find this variation for ǫ 6= 0 (see Section 3.2).
Acknowledgments
We wish to thank Andreas Bernig and Joseph Fu for illuminating
discussions during the preparation of this work.
2. Hermitian intrinsic volumes
Let Mnǫ be a (simply connected) complex space form with constant
holomorphic curvature 4ǫ. We denote by 〈 , 〉 the riemannian metric,
and by S(Mnǫ ) the unit tangent bundle of M
n
ǫ .
Recall that P(Mnǫ ) denotes the class of compact submanifolds with
corners of Mnǫ (cf. [AB09]). For technical reasons we also consider the
following class.
Definition 2.1. We denote by R(Mnǫ ) the class of compact subsets
Ω ⊂Mnǫ such that the boundary ∂Ω is a C1,1 regular hypersurface (i.e.
it is locally the graph of a C1 function with Lipschitz gradient), which
is moreover C∞ on an open full-measure subset.
In particular, the parallel sets (at small distances) of an element of
P(Mnǫ ) belong toR(Mnǫ ). Both classes P(Mnǫ ), andR(Mnǫ ) contain the
compact domains with smooth boundary, and are contained in the class
of sets of positive reach. The latter is guaranteed by the C1,1 condition
on R(Mnǫ ) (cf. [Fed59, Lemma 4.11]). The smoothness condition is
needed in subsection 3.2.
Definition 2.2. Let Ω ⊂ Mnǫ belong to the class P(Mnǫ ) or R(Mnǫ ).
The normal cycle of Ω is defined as
N(Ω) := {(p, v) ∈ S(Mnǫ ) | 〈v, x′(0)〉 ≤ 0,
∀x : [0, 1)→ Ω smooth with x(0) = p}.
This is a Lipschitz submanifold of S(Mnǫ ). Hence it makes sense to
integrate (2n−1)-differential forms on it. Thus, N(Ω) defines a current.
This current is a cycle in the sense that vanishes on exact forms (cf.
for instance the survey [Tha¨08, Prop. 29]).
Given a (2n−1)-form ω in S(Mnǫ ), and a smooth measure η we may
consider, for every Ω ∈ P(Mnǫ ) or R(Mnǫ )∫
Ω
η +
∫
N(Ω)
ω.
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The resulting functionals on P(Mnǫ ) and on R(Mnǫ ) are called smooth
valuations.
Let (z, e1) ∈ S(Mnǫ ) and let {z; e1, . . . , en} be a moving frame defined
on an open neighborhood U ⊂ S(Mnǫ ). We denote by {ω1, ω2, . . . , ωn}
the 1-forms in S(Mnǫ ) defined as the dual basis of {e1, . . . , en}, and by
{ωij} the corresponding connection forms ofMnǫ . That is, if ( , ) denotes
the Hermitian product on Mnǫ and ∇ the Levi-Civita connection, then
ωj = (dz, ej) and ωjk = (∇ej , ek) where j, k ∈ {1, . . . , n}.(5)
Thus, these forms are C-valued. We denote
ωj = αj + iβj ,(6)
ωjk = αjk + iβjk.
Forms α1, β1 and β11 are global forms in S(M
n
ǫ ). We denote them by
α, β, γ respectively. Note that α coincides with the contact form of
the unit tangent bundle S(Mnǫ ).
The following lemma is a well-known property of the normal cycle.
Lemma 2.3. Let Ω ⊂Mnǫ belong to the class P(Mnǫ ) or R(Mnǫ ). Then
α and dα vanish (almost everywhere) on N(Ω) ⊂ S(Mnǫ ) (i.e. N(Ω)
is Legendrian).
Proof. Let (p, v) ∈ N(Ω) be an element with tangent space T(p,v)N(Ω),
and let V ∈ T(p,v)N(Ω). Then, α(V )(p,v) = 〈dπ(V ), v〉 = 0 where
π : S(Mnǫ ) → Mnǫ is the canonical projection (cf. [Fed59]). Hence,
α vanishes on an open full-measure subset U ⊂ N(Ω). Trivially, dα
vanishes on U . 
Consider the following invariant 2-forms in S(Mnǫ )
θ0 = −Im((∇e1,∇e1)) =
n∑
i=2
α1i ∧ β1i
θ1 = −Im((dz,∇e1)− (∇e1, dz)) =
n∑
i=2
(αi ∧ β1i − βi ∧ α1i)(7)
θ2 = −Im((dz, dz)) =
n∑
i=2
αi ∧ βi
θs = Re((dz,∇e1)− (∇e1, dz)) =
n∑
i=2
(αi ∧ α1i + βi ∧ β1i).
Remark 2.4. These forms coincide with the invariant 2-forms, θ0, θ1,
θ2 and θs defined in S(C
n) by Bernig and Fu [BF]. Note that, θs is the
symplectic form of TMnǫ . Park considered in [Par02] similar 2-forms
in S(Mnǫ ). Furthermore, it was shown there that α, β, γ, θ0, θ1, θ2, θs
generate the algebra of invariant forms of S(Mnǫ ).
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Next we recall the exterior derivative of these forms, which can be
found in [BF] when ǫ = 0, or in [Par02] for general ǫ.
Lemma 2.5 ([Par02]). In S(Mnǫ ) it is satisfied
dα = −θs, dθ0 = −ǫ(α ∧ θ1 + β ∧ θs),
dβ = θ1, dθ1 = 0,
dγ = 2θ0 − 2ǫθ2 − 2ǫα ∧ β, dθ2 = 0.
Proof. This follows form the structure equations on Mnǫ , obtained by
differentiating (5). 
The following definition already appears in [BF] when ǫ = 0.
Definition 2.6. For positive integers k, q ∈ N with max{0, k − n} ≤
q ≤ k
2
< n, we define the following (2n− 1)-forms in S(Mnǫ )
βk,q := cn,k,qβ ∧ θn−k+q0 ∧ θk−2q−11 ∧ θq2 ∈ Ω2n−1(S(Mnǫ )), if k 6= 2q
γk,q :=
cn,k,q
2
γ ∧ θn−k+q−10 ∧ θk−2q1 ∧ θq2 ∈ Ω2n−1(S(Mnǫ )), if n 6= k − q
where
cn,k,q :=
1
q!(n− k + q)!(k − 2q)!ω2n−k
and ω2n−k denotes the volume of the (2n − k)-dimensional euclidean
ball.
These forms consitute a basis of the vector space of isometry in-
variant (2n − 1)-forms of S(Mnǫ ) modulo the subspace of multiples of
α, dα.
For max{0, k − n} ≤ q ≤ k
2
< n let us consider the valuations
µβk,q, µ
γ
k,q given by
µβk,q(Ω) :=
∫
N(Ω)
βk,q (if k 6= 2q),
µγk,q(Ω) :=
∫
N(Ω)
γk,q (if n 6= k − q).
In Cn, it turns out that µβk,q = µ
γ
k,q (cf. [BF]). Next, we give an
analogous relation among {µβk,q} and {µγk,q} in Mnǫ .
Proposition 2.7. InMnǫ , for any positive integers k, q such that max{0, k−
n} < q < k/2 < n it is satisfied
µγk,q = µ
β
k,q − ǫ
cn,k,q
cn,k+2,q+1
µβk+2,q+1.
Proof. We denote by I the ideal generated by α, dα and the exact
forms. The elements of I vanish on normal cycles, since these are
Legendrian. Thus, it is enough to prove
(8) γk,q ≡ βk,q − ǫ cn,k,q
cn,k+2,q+1
βk+2,q+1 mod I.
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Consider the form η = β ∧ γ ∧ θn−k+q−10 θk−2q−11 θq2. By Lemma 2.5 it
follows that modulo I
dη ≡ γθn−k+q−10 θk−2q1 θq2 − 2βθn−k+q0 θk−2q−11 θq2 +2ǫβθn−k+q−10 θk−2q−11 θq+12 .
Using the definition of γk,q and βk,q we obtain the relation in (8). 
Remark 2.8. In complex dimensions n = 2, 3, the previous relations
were found in [Par02].
Definition 2.9. We define (for max{0, k − n} ≤ q ≤ k
2
< n)
(9) µk,q :=
{
µβk,q if k 6= 2q
µγ2q,q if k = 2q.
These valuations will be called hermitian intrinsic volumes. In order
to simplify some expressions, we define µ2n,n := vol.
Remark 2.10. There is some arbitrariness in the previous choice. It
could be that a different convention may simplify some formulas.
Proposition 2.11. The hermitian intrinsic volumes µk,q (with max{0, k−
n} ≤ q ≤ k
2
≤ n) form a basis of the space of invariant valuations of
Mnǫ .
Proof. For ǫ = 0 this was proved in [BF]. For general ǫ, the forms
βk,q, γk,q span the vector space of invariant (2n − 1)-forms of S(Mnǫ )
quotiented by the subspace of multiples of α, dα. Hence {µk,q} span
the space of invariant valuations of Mnǫ . It remains only to see that
the dimension of this space does not depend on ǫ. This follows from
the following observation of J. Fu: the space of invariant valuations
of an isotropic homogeneous riemannian manifold is (non-canonically)
isomorphic to the space of invariant valuations of the tangent space at
any point. This is a consequence of Corollary 3.1.7 in [Ale06b]. 
3. Variation formulas
3.1. Variation of hermitian intrinsic volumes. In order to study
the variation of the hermitian intrinsic volumes on Mnǫ , we follow the
method used by Bernig and Fu [BF]. First, we recall the definition of
the Rumin operator, introduced in [Rum94], and the notion of Reeb
vector field in a contact manifold.
Definition 3.1. Given ω ∈ Ω2n−1(S(Mnǫ )), let α ∧ ξ∈Ω2n−1(S(Mnǫ ))
be the unique form such that d(ω + α ∧ ξ) is a multiple of α (cf.
[Rum94]). Then the Rumin operator D is defined as
Dω := d(ω + α ∧ ξ).
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Definition 3.2. Let M be a contact manifold and let α be the contact
form. The Reeb vector field T is the unique vector field over M such
that
(10)
{
iTα = 1,
LTα = 0.
If the contact manifold is the unit tangent bundle of a riemannian
manifold, then the Reeb vector field corresponds to the geodesic flow
(cf. [Bla76, p. 17]).
Lemma 3.3. In S(Mnǫ ), it is satisfied
iTα = 1, iT θ1 = γ,
iT θ2 = β, iTβ = iTγ = iT θ0 = iT θs = 0.
Proof. The first equality comes directly from (10). Moreover, iT θs =
−iTdα = diTα−LTα = 0. As T is the geodesic flow, we have αi(T ) =
βi(T ) = 0 and α1i(T ) = β1i(T ) = 0, i ∈ {2, . . . , n}. By definition in
(7), we obtain the result. 
Given a smooth valuation µ, and a vector field X with flow Ft, we
are interested in computing
δXµ(Ω) :=
d
dt
∣∣∣∣
t=0
µ(Ft(Ω)).
This can be done by means of the following result of [BF].
Lemma 3.4 (Corollary 2.6 [BF]). Let Ω ⊂ Mnǫ belong to the class
R(Mnǫ ). Let X be a smooth vector field on Mnǫ , and let µ be a smooth
valuation given by a (2n− 1)-form ω in S(Mnǫ ). Then
δXµ(Ω) =
∫
∂Ω
〈X,n〉ϕ∗(iT (Dω))
where T is the Reeb vector field on S(Mnǫ ), Dω is the Rumin operator
of ω, n is the outward unit normal field, and ϕ : ∂Ω → N(Ω) is given
by ϕ(p) = (p,n(p)).
Although this result was stated in [BF] for vector spaces, the proof
given there is valid in an arbitrary riemannian manifold.
By the previous lemma, the first variation of valuations is essentialy
given by the following operator.
Definition 3.5. We define a linear map δ from the space of smooth
valuations to the quotient space Ω2n−1(Mnǫ )/(α, dα) by
δµ = [iTDω]
for µ defined by a (2n− 1)-form ω ∈ Ω2n−1(Mnǫ ), and
δµ = [2λβ2n−1,n−1]
for µ given by a smooth measure λvol.
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This way, for every smooth valuation µ
(11) δXµ(Ω) =
∫
∂Ω
〈X,n〉ϕ∗(δµ).
Further, we define
Bk,q = [βk,q],Γk,q = [γk,q] ∈ Ω2n−1(Mnǫ )/(α, dα).
From Lemma 2.5, we obtain the exterior differential of the forms βk,q
and γk,q.
Lemma 3.6. In Mnǫ
dβk,q = cn,k,q(θ
n−k+q
0 ∧θk−2q1 ∧θq2−ǫ(n−k+q)α∧β∧θn−k+q−10 ∧θk−2q1 ∧θq2)
and
dγk,q =cn,k,q(θ
n−k+q
0 ∧ θk−2q1 ∧ θq2 − ǫθn−k+q−10 ∧ θk−2q1 ∧ θq+12
− ǫα ∧ β ∧ θn−k+q−10 ∧ θk−2q1 ∧ θq2
− ǫ(n− k + q − 1)
2
α ∧ γ ∧ θn−k+q−20 ∧ θk−2q+11 ∧ θq2
− ǫ(n− k + q − 1)
2
β ∧ γ ∧ θs ∧ θn−k+q−20 ∧ θk−2q1 ∧ θq2).
The variation of the valuations {µk,q} on Cn was found in [BF, Propo-
sition 4.6]. We extend that result to Mnǫ as follows.
Proposition 3.7. In Mnǫ , for k 6= 2q
δµk,q= 2cn,k,q(c
−1
n,k−1,q(k − 2q)2Γk−1,q−c−1n,k−1,q−1(n+ q − k)qΓk−1,q−1
+ c−1n,k−1,q−1(n+ q − k +
1
2
)qBk−1,q−1 − c−1n,k−1,q(k − 2q)(k − 2q − 1)Bk−1,q
+ǫ(c−1n,k+1,q+1(k − 2q)(k − 2q − 1)Bk+1,q+1−c−1n,k+1,q(n− k + q)(q +
1
2
)Bk+1,q))
and
δµ2q,q =2cn,2q,q
(
− c−1n,2q−1,q−1(n− q)qΓ2q−1,q−1
+ c−1n,2q−1,q−1(n− q +
1
2
)qB2q−1,q−1
+ ǫc−1n,2q+1,q(n− q − 1)(q + 1)Γ2q+1,q
− ǫc−1n,2q+1,q((n− q)(2q +
3
2
)− 1
2
(q + 1))B2q+1,q
+ ǫ2c−1n,2q+3,q+1(n− q − 1)(q +
3
2
)B2q+3,q+1
)
.
Proof. We will use the following fact from the proof of Proposition 4.6
in [BF]: for max{0, k − n} ≤ q ≤ k/2 < n there exists an invariant
form ξk,q ∈ Ω2n−1(S(Cn)) such that
(12) dα ∧ ξk,q ≡ −θn−k+q0 θk−2q1 θq2 mod(α),
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(we omit the wedges for readibility) and
ξk,q ≡ βγθn+q−k−10 θk−2q−21 θq−12
(13)
∧ ((n + q − k)qθ21 − (k − 2q)(k − 2q − 1)θ0θ2) mod(α, dα).
In order to find δµβk,q for general ǫ, we take a form ξ
ǫ ∈ Ω2n−1(S(Mnǫ ))
such that ξǫ(p,v) ≡ ξk,q(p′, v′) when we identify T(p,v)S(Mnǫ ) and T(p′,v′)Cn,
for every (p, v) ∈ S(Mnǫ ), (p′, v′) ∈ S(Cn). Then, it is clear from Lemma
3.6 and (12) that d(βk,q + cn,k,qα ∧ ξǫ) ≡ 0 modulo α.
By Lemma 2.5, the exterior differential of ξǫ is
dξǫ ≡ θn+q−k−10 θk−2q−21 θq−12 ((n− k + q)qθ21 − (k − 2q)(k − 2q − 1)θ0θ2)
∧ (γθ1 − 2βθ0 + 2ǫβθ2) mod(α, dα)
and the contraction of dβk,q with respect to the field T , by Lemma 3.3,
is
iTdβk,q ≡ cn,k,qθn+q−k−10 θk−2q−11 θq−12
∧ ((k − 2q)γθ0θ2 + qβθ0θ1 − ǫ(n− k + q)βθ1θ2) mod(α).
By substituting the last expressions in iTDβk,q ≡ iTdβk,q − cn,k,qdξǫ
(mod α, dα), we get the result.
To compute δµγ2q,q, note that dγ2q,q has 3 terms which are not multiple
of α (cf. Lemma 3.6). As before we consider ξǫ1, ξ
ǫ
2 ∈ Ω2n−1(S(Mnǫ ))
corresponding to ξ2q,q, and ξ2q+2,q+1 respectively. Let us consider also
ξǫ3 =
n− q − 1
2
βγθn−q−20 θ
q
2.(14)
Then the Rumin differential of γ2q,q is given by Dγ2q,q = d(γ2q,q +
cn,2q,qα ∧ (ξǫ1 − ǫξǫ2 − ǫξǫ3)). Indeed, dα ∧ ξǫ1 cancels the first term of
dγ2q,q modulo α, and dα ∧ ξǫ2 cancels the second one. The third term
is canceled exactly by dα ∧ ξǫ3.
Now, using Lemmas 3.6 and 3.3
iTdγ2q,q≡qβθn−q0 θq−12 −ǫ(q+2)βθn−q−10 θq2−ǫ
n− q − 1
2
γθn−q−20 θ1θ
q
2 mod(α, dα).
From (13) and (14)
dξǫ1 ≡ (n− q)qθn−q−10 θq−12 (γθ1 − 2βθ0 + 2ǫβθ2) mod(α, dα).
dξǫ2 ≡ (n− q − 1)(q + 1)θn−q−20 θq2(γθ1 − 2βθ0 + 2ǫβθ2) mod(α, dα).
dξǫ3 ≡
n− q − 1
2
θn−q−20 θ
q
2(γθ1 − 2βθ0 + 2ǫβθ2) mod(α, dα).
Plugging this into iTDγ2q,q ≡ iTdγ2q,q − cn,2q,q(dξǫ1 − ǫdξǫ2 − ǫdξǫ3) mod
(α, dα) gives the result. 
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3.2. Variation of φn−r. Recall that our goal is to determine
φn−r(Ω) =
∫
LCr
χ(Ω ∩ Lr)dLr, r = 1, · · · , n− 1
where LCr is the space of totally geodesic complex submanifolds of com-
plex dimension r ofMnǫ . This is a homogeneous space with an invariant
density given by the following lemma (as usual, J denotes the complex
structure).
Lemma 3.8 ([San52]). LCr is a homogeneous space and
LCr ∼= Uǫ(n)/Uǫ(r)× U(n− r)
where
Uǫ(n) =
 C
n ⋉ U(n), if ǫ = 0,
U(1 + n), if ǫ > 0,
U(1, n), if ǫ < 0.
Let {g; g1, Jg1, . . . , gn, Jgn} be a local orthonormal frame associated to
the elements of an open set V ⊂ LCr such that {gn−r+1, Jgn−r+1, . . . , gn, Jgn}
generate TgL for each L ∈ V . The invariant density of LCr is given by
(15) dLr =
∣∣∣∣∣∣∣∣
n−r∧
i=1
αi ∧ βi
∧
i=n−r+1,...,n
j=1,...,n−r
αij ∧ βij
∣∣∣∣∣∣∣∣
where {αi, βi, αi,j, βi,j}{i,j} are defined as in (6).
The grassmannian GCn,r of complex r-planes in C
n can be identified
with LCr−1 in Mn−11 ≡ CPn−1. With the normalization considered, the
volume of GCn,r equals
vol(GCn,r) =
vol(U(n))
vol(U(r))vol(U(n− r)) =
πr(n−r)1!2! · · · (r − 1)!
(n− 1)!(n− 2)! · · · (n− r)! .
Remark 3.9. A different normalization for dLr was taken in [BF]. In-
deed, the measure used there is
dEr =
(
n−1
r
)
ω2nvol(GCn−1,r)
dLr.
On every C1 real hypersurface S ⊂Mnǫ oriented by a unit normal n
there is a canonical vector field given by Jn. There is also a distribution
D = span{n, Jn}⊥, so that Dx is the maximal complex linear subspace
of TxM
n
ǫ contained in TxS for every x ∈ S. We shall consider the
bundle GCn−1,r(D) whose fiber at every point x ∈ S is the Grassmanian
GCn−1,r(Dx) of r-dimensional complex subspaces of Dx.
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Proposition 3.10. Let Ω ∈ R(Mnǫ ), and let X be a smooth vector
field on Mnǫ . Then
δXφn−r(Ω) =
∫
∂Ω
〈X,n〉
(∫
GCn−1,r(Dx)
det(II|V )dV
)
dx
where n is the unit outward normal field and det(II|V ) denotes the
determinant of the second fundamental form II of ∂Ω restricted to V ∈
GCn−1,r(Dx) being D the distribution of tangent complex hyperplanes.
Proof. We follow the same procedure as in [Sol06, Theorem 4].
For every V ∈ GCn−1,r(Dx), we make the parallel translation Vt of V
along Ft(x), the flow associated to X . Recall that parallel translation
preserves the complex structure (cf. [O’N83, p. 326]). Then we project
orthogonally Vt onto DFt(x), obtaining a complex r-plane V ′t (at least
for small values of t). We define
ψ : GCn−1,r(D)× (−ǫ, ǫ) −→ LCr
((x, V ), t) 7→ expFt(x) V ′t .
From Proposition 3 in [Sol06] (whose proof works without change in
our setting), we have
φn−r(Ωh)− φn−r(Ω0) =
∫
LCr
∑
sign〈X,n〉 sign(σ2r(II|V ))dLr
where the sum runs over the tangencies of a generic Lr with the hy-
persurfaces ∂Ωt with 0 < t < h. As
ψ∗(dLr) = ι∂t(ψ
∗(dLr))dt = ψ
∗
t (ιdψ∂tdLr)dt
where ψt = ψ(·, t), using the co-area formula (cf. [Fed59]) we get
(16)
φn−r(Ωh)−φn−r(Ω0) =
∫ h
0
∫
GCn−1,r(D)
〈X,n〉 sign(σ2r(II|V ))ψ∗t (ιdF∂tdLr)dt.
Let {g; g1, Jg1, . . . , gn, Jgn} be a local orthonormal frame defined on
GCn−1,r(D)×(−ǫ, ǫ) such that g((x, l), t) = F (x, t), g1((x, l), t) is orthog-
onal to ∂Ωt (at Ft(x)) and ψ = 〈g, gn−r+1, Jgn−r+1, . . . , gn, Jgn〉 ∩Mnǫ .
We may assume the frame is defined in a neigborhhod of Lr, since we
are only interested in regular points of ψ.
Consider the curve Lr(t) given by the parallel translation of Lr along
the geodesic given by n, the outward normal vector to ∂Ω0. If P ∈
TLrLCr denotes the tangent vector to Lr(t) at t = 0, then
ωi(P ) = (dg(P ), gi) =
( d
dt
∣∣∣∣
t=0
g(Lr(t)), gi
)
= 0,
α1(P ) = 〈dg(P ),n〉 = 1,
ωkj(P ) = (∇gk(P ), gj) =
(
∇ ∂
∂t
gk(Lr(t))
∣∣∣
t=0
, gj
)
= 0
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where i ∈ {2, . . . , n−r}, j ∈ {1, . . . , n−r}, and k ∈ {n−r+1, . . . , n}.
By (15) and last equations we get the following equality between den-
sities
dLr = |α1|iPdLr
since iPdLr = |β1
∧n−r
h=2 αh ∧ βh
∧
αij ∧ βij |. Thus,
i∂ψ
∂t
dLr =
∣∣α1(∂ψ
∂t
)∣∣ iPdLr + |α1|i∂ψ
∂t
iPdLr
and
α1
(∂ψ
∂t
)
=
〈
dg
(∂ψ
∂t
)
,n
〉
=
〈∂F
∂t
,n
〉
,
ψ∗0(α1)(v) = 〈dg(dψ0(v)),n〉 = 0 ∀v ∈ T(p,V )GCn,r(T∂Ω0).
So,
ψ∗0(i∂ψ
∂t
dLr) = |〈∂F
∂t
,n〉|ψ∗0(iPdLr).
Finally, using that ψ∗0(iPdLr) = | det(II|V )|dV dx, we get the result.

Remark 3.11. The integral∫
GCn−1,r
det(II|V )dV
seems difficult to compute by direct means. However, we will find it
by an indirect method (cf. Remark 4.6). The analogous integral in real
space forms is a multiple of an elementary symmetric function of the
principal curvatures.
4. Crofton type formulas
4.1. In the standard Hermitian space. Now we are ready to prove
formula (3) for ǫ = 0. The following lemma will be used.
Lemma 4.1. Let Ω ⊂ Cn be a compact domain with smooth boundary,
and let ϕ : ∂Ω → N(Ω) the canonical map. Fix a point x in ∂Ω
and a reference {e1 = ϕ(x), e1 = Je1, . . . , en, en = Jen} at x. Then
ϕ∗(γk,q) = Pk,qdx where dx is the volume element of ∂Ω and Pk,q is a
polynomial of degree 2n−k−1 in the entries of the second fundamental
form hij = II(ei, ej), i, j ∈ {1, 2, 2, . . . , n}. Each of the monomials of
Pk,q containing only entries of the form hii contains the factor h11 and
exactly n+ q− k− 1 factors of the form hjjhjj, i ∈ {1, 2, 2, . . . , n}, j ∈
{2, . . . , n}.
Proof. From (7) we have θ0 =
∑n
i=2 α1i ∧ β1i, θ1 =
∑n
i=2(αi ∧ β1i− βi ∧
α1i), θ2 =
∑n
i=2 αi ∧ βi.
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For convenience we write αi = βi and α1i = β1i for i ∈ {2, . . . , n}.
Using α1j =
∑
i∈I hijαi for j ∈ I := {1, 2, 2, . . . , n} yields
ϕ∗(γk,q) =
cn,k,q
2
(∑
j∈I
h1jαj
)
∧
(
n∑
i=2
∑
j,l∈I
hijhilαjαl
)n+q−k−1
∧
∧
(
n∑
i=2
(∑
j∈I
hijαiαj −
∑
l∈I
hilαiαl
))k−2q
∧
(
n∑
i=2
αiαi
)q
.
Thus, ϕ∗(γk,q) = Pk,qdx with Pk,q a polynomial of degree 2n − k − 1
in hij . The terms in the previous expression containing only entries of
type hii are
cn,k,q
2
h11α1 ∧
(
n∑
i=2
hiihiiαiαi
)n+q−k−1
∧
∧
(
n∑
i=2
hiiαiαi − hiiαiαi
)k−2q
∧
(
n∑
i=2
αiαi
)q
,
and the result follows. 
Theorem 4.2. In Cn, the variation of the valuation φn−r is given by
δφn−r = vol(G
C
n−1,r)ω2r+1(r + 1)
(
n− 1
r
)−1(
n
r
)−1
·
·
 n−r−1∑
q=max{0,n−2r−1}
(
2n− 2r − 2q − 1
n− r − q
)
1
4n−r−q−1
B2n−2r−1,q
 .(17)
Furthermore, the following equation between valuations holds
φn−r =
vol(GCn−1,r)ω2r(
n−1
r
)(
n
r
)
 n−r∑
q=max{0,n−2r}
1
4n−r−q
(
2n− 2r − 2q
n− r − q
)
µ2n−2r,q
.
(18)
Proof. In order to simplify the following computations, we consider
(19) µ′k,q := c
−1
n,k,qµk,q (for k 6= 2q), µ′2q,q := 2c−1n,2q,qµ2q,q
and
(20) B′k,q = c
−1
n,k,qBk,q, Γ
′
k,q = 2c
−1
n,k,qΓk,q.
By [Fu90], the functional φn−r is a valuation on C
n with degree of
homogeneity 2n−2r. Thus, by Proposition 2.11 it can be expressed as
a linear combination of {µ′2n−2r,q}; i.e.
(21) φn−r =
n−r−1∑
q=max{0,n−2r}
Cqµ
′
2n−2r,q +Dµ
′
2n−2r,n−r
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for certain constants Cq, D which we wish to determine. This will be
done by comparing the variation of both sides of this equality. From
here on we assume 2r < n. The case 2r ≥ n can be treated in the same
way, or can be reduced to the previous case by means of the Fourier
transform (cf. [BF] Sections 2.1, 3.1 and 3.2).
By Proposition 3.7,
(22) δφn−r =
n−r−1∑
q=n−2r−1
cqB
′
2n−2r−1,q +
n−r−1∑
q=n−2r
dqΓ
′
2n−2r−1,q
where the coefficients cq and dq can be expressed in terms of a linear
combination with known coefficients of the variables Cq and D, that
still remain unknown.
For a compact domain Ω with smooth boundary, and a smooth vector
field X , Proposition 3.10 gives
(23) δXφn−r(Ω)=
∫
∂Ω
〈X,n〉
∫
GCn−1,r
det(II|V )dV dx.
From Lemma 4.1 when pulling-back the form γk,q fromN(Ω) to ∂Ω, one
gets a polynomial expression Pk,q of degree 2n−k−1 in the coefficients
hij of II with i, j ∈ {1, 2, 2, . . . , n, n}. Moreover, for each q the mono-
mials in Pk,q containing only entries of the form hii contain the factor
h11 = II(Jn, Jn) and do not appear in any other Pk,q′ with q
′ 6= q.
Therefore, every non-trivial linear combination of {Pk,q}q must contain
the variable h11. On the other hand, the integral
∫
GCn−1,r
det(II|V )dV
is a polynomial of the second fundamental form II restricted to the
distribution D = span{n, Jn}⊥, hence a polynomial not involving h11.
Comparing the expressions of (22) and (23), it follows that dq = 0 for
all q ∈ {n− 2r, . . . , n− r − 1}.
As cq and dq depend on Cq and D, we will obtain the value of cq
once we know the value of Cq and D. We will get their value from the
equalities {dq = 0}. Note that this gives r equations, since q runs from
n − 2r to n − r − 1 in (22). As for the unknowns, we need to find r
constants Cq plus the constant D in (21).
We will get an extra equation by taking II|D = Id and equating (23)
to (22). Then, for any pair (n, r) we have a compatible linear system
since constants in (21) exist. Next we find the solution, and we show
it is unique.
Let us relate explicitly the coefficients {cq} and {dq} in (22) with
Cq and D in (21). To simplify the range of the subscripts, we denote
dn−r−a with a = 1, . . . , r and cn−r−a with a = 1, . . . , r + 1.
Coefficient dn−r−1. From the variation of µ
′
k,q in C
n (Proposition 3.7),
the coefficient of Γ′2n−2r−1,n−r−1 comes from the variation of µ
′
2n−2r,n−r−1
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and µ′2n−2r,n−r. Then,
dn−r−1 = 4Cn−r−1 − 2r(n− r)D.(24)
Coefficient dn−r−a, a = 2, . . . , r. The coefficient of Γ
′
2n−2r−1,n−r−a
comes from the variation of µ′2n−2r,n−r−a and µ
′
2n−2r,n−r−a+1. Then,
dn−r−a = 4a
2Cn−r−a − (r − a+ 1)(n− r − a + 1)Cn−r−a+1.(25)
Coefficient cn−r−1. The coefficient of B
′
2n−2r−1,n−r−1 comes from the
variation of µ′2n−2r,n−r−1 and µ
′
2n−2r,n−r. Then,
(26) cn−r−1 = 2(2r + 1)(n− r)D − 4Cn−r−1.
Coefficient cn−r−a, a = 2, . . . , r−2. The coefficient of B′2n−2r−1,n−r−a
comes from the variation of µ′2n−2r,n−r−a and µ
′
2n−2r,n−r−a+1. Then,
cn−r−a = −4a(2a− 1)Cn−r−a + (2r − 2a+ 3)(n− r − a + 1)Cn−r−a+1.
(27)
Coefficient cn−2r−1. The coefficient of B
′
2n−2r−1,n−2r−1 comes from
the variation of µ′2n−2r,n−2r. Then,
cn−2r−1 = (n− 2r)Cn−2r.(28)
Now, we solve the linear system given by {dn−r−a = 0} where a ∈
{1, . . . , r}. From equations (24) and (25) the system is given by:{
r(n− r)D = 2Cn−r−1
4a2Cn−r−a = (n− r − a+ 1)(r − a+ 1)Cn−r−a+1.
Thus,
Cn−r−a =
(n− r − a+ 1) · · · · · (n− r)(r − a+ 1) · · · · r
2 · 4a−1a2(a− 1)2 · · · · · 12 D
=
(n− r)!r!
22a−1(n− r − a)!(r − a)!a!a!D
=
D
22a−1
(
n− r
a
)(
r
a
)
.(29)
To obtain the value ofD, we calculate
∫
GCn−1,r
det(II|V )pdV and β2n−2r−1,n−r−a
in case II|D(p) = λId for λ > 0, which occurs when Ω is a metric ball.
On the one hand, we have∫
GCn−1,r
det(λId|V )pdV = λ2rvol(GCn−1,r).
On the other hand, if II|D = λId, then the connection forms satisfy
α1i = λωi and β1i = λωi. Thus, θ1 = 2λθ2 and θ0 = λ
2θ2 and we obtain
c−1n,2n−2r−1,n−r−aβ2n−2r−1,n−r−a(p) = λ
2r(β ∧ θr−a+10 ∧ θ2a−21 ∧ θn−r−a2 )(p)
= 22a−2λ2r(β ∧ θn−12 )(p) = 22a−2λ2r(n− 1)!.
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So, the equation
vol(GCn−1,r) =
r+1∑
a=1
cn−r−a2
2a−2(n− 1)!
must be satisfied.
Substituting equations (26), (27) and (28) in the last equation gives
vol(GCn−1,r)
(n− 1)! = (2(2r + 1)(n − r)D − 4Cn−r−1)
+
r∑
a=2
22a−2((2r − 2a+ 3)(n − r + a+ 1)Cn−r−a+1 − 4a(2a − 1)Cn−r−a)
+ 22r(n− 2r)Cn−2r
= 2(2r + 1)(n − r)D + 4Cn−r−1((2r − 1)(n − r − 1)− 1)
+
r−1∑
a=2
(−22a−24a(2a− 1) + 22a(2r − 2a+ 1)(n − r − a))Cn−r−a
+ Cn−2r(2
2r(n− 2r)− 22r−24r(2r − 1))
= 2(2r + 1)(n − r)D +
r∑
a=1
22aCn−r−a((2r − 2a+ 1)(n − r − a)− a(2a− 1))
(29)
= 2D
r∑
a=0
(
n− r
a
)(
r
a
)
((2r − 2a+ 1)(n − r − a)− a(2a − 1))
= D
2n!
r!(n − r − 1)! .
The last equality will be proved in Lemma 4.3. Thus,
D =
vol(GCn−1,r)
2n!
(
n− 1
r
)−1
,
Cn−r−a =
vol(GCn−1,r)
4an!
(
n− 1
r
)−1(
n− r
a
)(
r
a
)
and, for 2r < n, we have
φn−r =
r∑
a=1
Cn−r−aB
′
2n−2r,n−r−a +DΓ
′
2n−2r,n−r
=
vol(GCn−1,r)
2n!
(
n− 1
r
)−1( r∑
a=1
(
n− r
a
)(
r
a
)
2−2a+1B′2n−2r,n−r−a+ Γ
′
2n−2r,n−r
)
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and
δXφn−r(Ω) = (2(2r + 1)(n − r)D − 4Cn−r−1)B′2n−2r−1,n−r−1
+
r∑
a=2
((2r − 2a+ 3)(n − r + a+ 1)Cn−r−a+1−4a(2a− 1)Cn−r−a)B′2n−2r−1,n−r−a
+(n− 2r)Cn−2rB′2n−2r−1,n−2r−1
=
vol(GCn−1,r)
n!
(
n− 1
r
)−1(r+1∑
a=1
(
n− r
a
)(
r + 1
a
)
a
4a−1
B′2n−2r−1,n−r−a
)
.
Recalling (19) and (9) gives the result. 
The following lemma completes the proof of Theorem 4.2.
Lemma 4.3. For n, r ∈ N with 2r ≤ n, the following equality holds
r∑
a=0
(
n− r
a
)(
r
a
)
((2r − 2a+ 1)(n− r − a)− a(2a− 1)) = n!
r!(n− r − 1)! .
Proof. Define the function F (r, a) as
F (r, a) =
(
n− r
a
)(
r
a
)
((2r − 2a+ 1)(n− r − a)− a(2a− 1))
for a ≤ r ≤ n− a and 0 otherwise. We must compute
f(r) =
∞∑
a=0
F (r, a).
The following relation is straightforward to check
(30) − (n− r− 1)F (r, a) + (r+1)F (r+1, a) = G(r, a+1)−G(r, a),
where
G(r, a) =
(
r
a− 1
)(
n− r − 1
a− 1
)
(−2a((2n + 1)r − n2 + n+ 1)
− 4r3 + (6n− 10)r2 + (−2n2 + 13n− 7)r − 3n2 + 6n− 1)
if a ≤ r ≤ n−a, and G(r, a) = 0 otherwise. By summing equation (30)
from a = 0 to ∞, we get the following recurrence equation for f(r)
(n− r − 1)f(r) = (r + 1)f(r + 1),
and the result follows. 
The previous proof follows the so-called Zeilberger’s algorithm ([Zei91]).
In particular, the key equality (30) was obtained by using the software
EKHAD available with the book [PWZ96].
Remark 4.4. An alternative way to prove equations (17), and (18) is as
follows. Formula (18) can be obtained from equations (36), (37) in [BF],
and Definition 3.6 there. Indeed, our valuation φn−r coincides up to
normalization with the valuation sr of [BF]. Again, one needs to apply
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the Zeilberger algorithm in order to simplify some coefficients. Then
one gets equation (17) from (18) essentially by the same computations
as in the previous proof (equations (24) to (28)).
4.2. In Hermitian space forms.
Corollary 4.5. Let Ω ∈ R(Mnǫ ) be a compact domain with C1,1 almost
everywhere smooth boundary. Let X be a smooth vector field over Mnǫ .
Then,
δXφn−r(Ω) =
vol(GCn−1,r)ω2r+1(r + 1)(
n−1
r
)(
n
r
) ∫
∂Ω
〈X,n〉ϕ∗(ω)(31)
where
ω =
n−r−1∑
q=max{0,n−2r−1}
(
2n− 2r − 2q − 1
n− r − q
)
1
4n−r−q−1
β2n−2r−1,q.
Proof. Let us begin with the case ǫ = 0. Comparing equation (17) and
Proposition 3.10 shows that∫
∂Ω
〈X,n〉
(∫
GCn−1,r
det(II|V )dV
)
dx
equals the right hand side of equation (31). By taking a field X that
vanishes outside an arbitrarily small neighborhood of a fixed x ∈ ∂Ω,
we deduce the following equality between forms(∫
GCn−1,r
det(II|V )dV
)
dx =
ω2r+1(
n−1
r
)(
n
r
)vol(GCn−1,r)(r + 1)ϕ∗(ω).(32)
This equation extends obviously to Mnǫ without change. Then, using
Proposition 3.10 gives the result. 
Remark 4.6. As a by-product we have the following consequence of
(32). Let II be a real symmetric bilinear form in Cn. Consider
Qr(II) :=
∫
GCn,r
det(II|V )dV.
Let σ : Cn → Cn be the endomorphism associated to II through the
scalar product of Cn by 〈σ(u), v〉 = −II(u, v). Let σ : Cn → Cn × Cn
be the graph map σ(u) = (u, σ(u)). Then
Qr(II) dvol =
n−r∑
q=max{0,n−2r}
αn,q,rσ
∗(θr−q+10 ∧ θ2q−21 ∧ θn+1−r−q2 )
where dvol is the canonical volume form in Cn, and θ0, θ1, θ2 are 2-forms
in Cn × Cn defined by (7), and
αn,q,r =
(
2n− 2r − 2q + 1
n+ 1− r − q
)
cn+1,2n−2r+1,n+1−r−q
4n−r−q
.
20 JUDIT ABARDIA, EDUARDO GALLEGO, AND GIL SOLANES
Theorem 4.7. In Mnǫ , the following equation between valuations holds
φn−r =
vol(GCn−1,r)(
n−1
r
) ( n∑
j=n−r
ǫj−(n−r)
ω2n−2j(
n
j
) · ((j + r − n+ 1)µ2j,j+
+
j−1∑
q=max{0,2j−n}
1
4j−q
(
2j − 2q
j − q
)
µ2j,q)
 .(33)
Proof. We first focus on the right hand side of (33), which we rewrite
as
Cr :=
vol(GCn−1,r)
n!
(
n− 1
r
)−1
{ǫr(r + 1)n!vol
+
n−1∑
j=n−r
ǫj−n+r
j − n+ r + 1
2
µ′2j,j +
j−1∑
q=max{0,2j−n}
1
4j−q
(
n− j
j − q
)(
j
q
)
µ′2j,q
}.
By Proposition 3.7
(34) δXCr =
vol(GCn−1,r)
n!
(
n− 1
r
)−1
[ǫrn(r + 1)B′2n−1,n−1
+
n−1∑
j=n−r
ǫj−n+r
j − n+ r + 1
2
{−2(n−j)jΓ′2j−1,j−1+2ǫ(n−j−1)(j+1)Γ′2j+1,j
+4(n−j+1
2
)jB′2j−1,j−1+4ǫ
(
j + 1
2
− (n− j)(2j + 3
2
)
)
B′2j+1,j+4ǫ
2(n−j−1)(j+3
2
)B′2j+3,j+1}]
+
n−1∑
j=n−r
j−1∑
q=max{0,2j−n}
ǫj−n+r
4j−q
(
n− j
j − q
)(
j
q
)
{(2j − 2q)2Γ′2j−1,q
−(n+q−2j)qΓ′2j−1,q−1+2(n+q−2j+
1
2
)qB′2j−1,q−1−2(2j−2q)(2j−2q−1)B′2j−1,q
+2ǫ(2j − 2q)(2j − 2q − 1)B′2j+1,q+1 − 2ǫ(n − 2j + q)(q +
1
2
)B′2j+1,q}.
Next we show that the previous expression is independent of ǫ; i.e. all
the terms containing ǫ cancel out. We concentrate first on the terms
with B′k,q. By putting together similar terms, the forth and fifth lines
of (34) are
n−1∑
h=n−r+1
ǫh−n+r2{(h−n+r+1)(n−h+1
2
)h+(h−n+r)(h
2
−(n−h+1)(2h−1
2
))
(35) + (h− n + r + 1)(n− h+ 1)(h− 1
2
)}B′2h−1,h−1
−ǫr{(r + 2)n− 1}B′2n−1,n−1 + (2r + 1)(n− r)B′2n−2r−1,n−r−1.
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By putting together similar terms, the double sum in (34) (forgetting
for the moment the terms with Γ′k,q) becomes
n−1∑
h=n−r
h−2∑
a=max{−1,2h−n−1}
ǫh−n+r
4h−a−1
(
n− h
h− a− 1
)(
h
a+ 1
)
2(n+a−2h+3
2
)(a+1)B′2h−1,a
−
n−1∑
h=n−r
h−1∑
a=max{0,2h−n}
ǫh−n+r
4h−a
(
n− h
h− a
)(
h
a
)
2(2h− 2a)(2h− 2a− 1)B′2h−1,a
+
n∑
h=n−r+1
h−1∑
a=max{1,2h−n−1}
ǫh−n+r
4h−a
(
n− h+ 1
h− a
)(
h− 1
a− 1
)
2(2h−2a)(2h−2a−1)B′2h−1,a
−
n∑
h=n−r+1
h−2∑
a=max{0,2h−n−2}
ǫh−n+r
4h−a−1
(
n− h+ 1
h− a− 1
)(
h− 1
a
)
2(n−2h+a+2)(a+1
2
)B′2h−1,a.
Note that the terms with a = −1 or a = 2h − n − 2 vanish, if they
occur. Then, one checks that all the terms in the above expression
cancel out except those with h = n − r, n, and those with a = h − 1.
Clearly the terms corresponding to h = n − r are independent of ǫ.
The terms with h = n sum up ǫr(n − 1)B′2n−1,n−1, and together with
the similar term appearing in (35) cancel out the first term in (34).
Finally, the terms with a = h− 1 are cancelled with the sum in (35).
With a similar but shorter analysis one checks that the multiples of
Γ′k,q cancel out completely. This shows that (34) is independent of ǫ.
Hence, δCr coincides with the right hand side of (17) since we know
this happens for ǫ = 0.
Let now Ω ∈ R(Mnǫ ) be a compact domain with C1,1 and almost
everywhere smooth boundary ∂Ω. By the last paragraph and Corollary
4.5 we have δXφn−r(Ω) = δXCr(Ω) for every smooth vector field X .
This implies that φn−r(Ft(Ω))−Cr(Ft(Ω)) does not depend on t, being
Ft the flow of X . Let us take X such that its flow Ft converges to a
point p as t tends to infinity. Assume further that X coincides with
the radial vector field
∑
i x
i ∂
∂xi
on a local chart around p.
Then, Cr(Ft(Ω)) tends to 0 as t goes to infinity. Indeed, let F˜t be the
flow of contactomorphisms of S(Mnǫ ) that cover Ft. Then N(Ft(Ω)) =
F˜t(N(Ω)), so
(36) µ2j,q(Ft(Ω)) =
∫
N(Ft(Ω))
β2j,q =
∫
N(Ω)
F˜ ∗t β2j,q → 0
for j 6= 0, q. Indeed, note that F ∗t β converges to 0, and so does its
multiple F˜ ∗t βk,q. For q = j 6= 0 one can argue similarly.
On the other hand, (16) shows that φn−r(Ft(Ω)) has vanishing limit
when t goes to ∞. Therefore φn−r(Ft(Ω)) and Cr(Ft(Ω)) coincide for
every t.
It remains only to prove φn−r(Ω) = Cr(Ω) for Ω ∈ P(Mnǫ ). To this
end, let us consider the parallel sets Ωt at distance t ≥ 0. For small
t > 0, we have Ωt ∈ R(Mnǫ ). Hence, φn−r(Ωt) = Cr(Ωt) for t > 0. We
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need to show that both φn−r(Ωt) and Cr(Ωt) are continuous functions
on t ≥ 0.
The continuity of Cr(Ωt) follows easily from the fact that N(Ωt) is
the image of N(Ω) under the geodesic flow of S(Mnǫ ). As for φn−r(Ωt),
the continuity follows from equation (16). 
Remark 4.8. The coefficients of µk,q in (33) were found by solving a
linear system of equations. These equations were obtained by imposing
that the variations of both sides in (33) coincide.
5. The Gauss-Bonnet theorem
Theorem 5.1. In Mnǫ ,
(37)
ω2nχ =
n∑
c=0
ǫc
ω2n−2c(
n
c
)
 c−1∑
q=max{0,2c−n}
1
4c−q
(
2c− 2q
c− q
)
µ2c,q+(c+ 1)µ2c,c
 .
Proof. For ǫ = 0 equation (37) is the well known Gauss-Bonnet formula
in Cn ≡ R2n. For general ǫ we proceed analogously to the proof of
Theorem 4.7. In fact, the same computations of the previous proof
show (in case r = n) that the right hand side of (37) has null variation.
Hence, both sides are constant along flows. As in the previous proof,
we take a flow Ft converging to a point p, and given by the radial
vector field near p. In particular, Ft(Ω) converges to {p} for every Ω ∈
P(Mnǫ ) (or R(Mnǫ )). As in (36), µ2c,q(Ft(Ω)) goes to 0 for c 6= 0. The
remaining term µ0,0(Ft(Ω)) tends to χ(Ω). Indeed, for t big enough,
Ft(Ω) is contained in a ball around p of arbitrarily small radius. The
metric inside this ball is close to euclidean. Hence, the total curvature
µ0,0(Ft(Ω)) converges to the euclidean total curvature, which equals
χ(Ω) by the Gauss-Bonnet theorem. 
Remark 5.2. It is intriguing to notice that the coefficients inside the
second sum in formula (37) coincide with those of the Maclaurin ex-
pansion of 1/
√
1− x. We do not have any interpretation of this fact.
Remark 5.3. For n = 2 and n = 3, the Gauss-Bonnet formula in Mnǫ
given in Theorem 5.1 was already proved in [Par02].
Theorem 5.4. In Mnǫ ,
(38) ω2nχ = ǫφ1 +
n∑
k=0
ǫkω2n−2k
(
n
k
)−1
µ2k,k.
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Proof. From Theorems 4.7 and 5.1, it follows that
χ =
n−1∑
c=0
ǫc c!
πc
 c−1∑
q=max{0,2c−n}
1
4c−q
(
2c− 2q
c− q
)
µ2c,q + (c+ 1)µ2c,c

=
ǫ n!
πn
n∑
c=1
ǫc−1 c!πn−c
n!
 c−1∑
q=max{0,2c−n}
1
4c−q
(
2c− 2q
c− q
)
µ2c,q + cµ2c,c

+
ǫ n!
πn
n∑
c=1
ǫc−1c!πn−c
n!
µ2c,c
=
ǫ n!
πn
φ1 +
n∑
c=1
ǫc c!
πc
µ2c,c.

Remark 5.5. Recall that the first term in the sum of (38) corresponds
to the Gauss curvature integral µ0.
Remark 5.6. Let Ω ⊂ P(Cn). From Theorem 4.2 we get an expression
for ∫
LCr
µ0,0(Ω ∩ Lr)dLr
in terms of the hermitian intrinsic volumes. This shows that µ0,0 does
not have the so-called reproductive property. A similar fact happens
with µ2n−2,n−1 and µ2n−2,n−2 (cf. [Aba]).
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